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Abstract
We give a condition for a weight function to produce a Mo¨bius invariant weighted inner
product on the tangent spaces of the space of non-circular knots by making use of Mo¨bius
invariant energies of knots. It gives a natural way to study the evolution of knots in the
framework of Mo¨bius geometry.
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1 Introduction
The motivation of endowing a Mo¨bius invariant metric to the space of knots originated from the
study of the energy E of knots (3.3) which was given in [15]. The purpose of introducing the
energy is to produce a representative configuration for each knot type as an energy minimizer in
the knot type. It turns out to be the beginning of so-called geometric knot theory. Freedman,
He and Wang gave the gradient of E ([7]). The regularity of E-critical knots has been studied
by Zheng-Xu He [9] and later by researchers of analysis including Simon Blatt, Philipp Reiter,
Armin Schikorra, Aya Ishizeki, Takeyuki Nagasawa, Alexandra Gilsbach, Heiko von der Mosel,
and Nicole Vorderobermeier [2, 18, 11, 3, 8, 4], where the gradient is the first step of the study.
One of the important properties of the energy E is the Mo¨bius invariance, which is the reason
why E+4 (3.4) is sometimes called “Mo¨bius energy ”. It was proved by Freedman, He and Wang
[7], and using it they showed that there is an energy minimizer in each prime knot type. We
remark that, besides the energy E, there are a wide variety of Mo¨bius invariant functionals for
knots, such as the absolute value of writhe (Mo¨bius invariance was proved by [1]), the absolute
sine energy (Section 4 of [12]) or the absolute imaginary cross-ratio energy (Section 5 of [13]),
the measure of acyclicity (Section 6 of [13]), the renormalized measure of circles linking a knot
([16]), and ∫∫
S1×S1
|f ′(s)| |f ′(t)| − (f ′(s), f ′(t))
|f(s)− f(t)|2 dsdt
(Mo¨bius invariance was proved by [10]), where f : S1 = R/Z →֒ R3 is a knot and (· , ·) is the
standard inner product.
Although the energy E is Mo¨bius invariant, the gradient is not. On page 41 of [7] one can
find a comment “Oded Schramm observed that if γ is not already a round circle, there exists a
∗Supported by JSPS KAKENHI Grant Number 16K05136.
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Mo¨bius-invariant inner product 〈 , 〉 on the tangent bundle of R3 restricted to γ ”, although the
description that follows (in particular, 〈dt,dt〉−1/2dual in the formula (6.16)) is not clear.
In this paper we give a necessary and sufficient condition for a weight function to produce
a Mo¨bius invariant inner product on the tangent spaces of the space of knots which are not
round circles. In particular, we are interested in a weight function that is independent of the
parametrization of knots. This is because we are more interested in the shapes of knots i.e. the
images of the embeddings than in the embeddings themselves since our motivation is to evolve
knots along a gradient flow of a functional. Our first example of a parameter independent
weight function is the cube of the regularization of r−2-potential, which is the integrand of the
energy E. The construction can be generalized to obtain a weight function from a Mo¨bius
invariant 2-form that is an integrand of a Mo¨bius invariant energy of knots.
Our method would provide a natural way to study the evolution of knots. When a Mo¨bius
invariant functional for knots has a gradient we can obtain a Mo¨bius invariant gradient with
respect to the weighted inner product, which enables us to study the evolution of knots in the
quotient space of the shapes of knots modulo the Mo¨bius group action.
2 Mo¨bius invariance condition for weight functions
Let S1 = R/Z. Let T denote a Mo¨bius transformation of R3 ∪ {∞} in what follows. Let K be
the space of knots and TfK be the tangent space.
K= {f : S1 →֒ R3 : f is injective and |f ′(t)| 6= 0 (∀t)} ,
TfK=
{
u : S1 →֒ R3 : u(t) ⊥ f ′(t) (∀t ∈ S1)} .
We will choose a suitable differentiability for f in K and u in TfK according to the functional we
study. For example, if we study the energy E then we can use a Sobolev space H3(R/Z,R3) after
[2] so that both E and the gradient of E are well-defined and a solution of the Euler-Lagrange
equation exists.
The L2 metric on TfK is given by
(u, v)f =
∫
S1
(u(t), v(t)) |f ′(t)| dt (u, v ∈ TfK). (2.1)
We say that a functional e on K has a gradient Ge if for any f ∈ K Ge(f) ∈ TfK satisfies
d
dε
e(f + εu)
∣∣∣∣
ε=0
= (u,Ge(f))f (2.2)
for any u ∈ TfK.
We say that a functional e on K is Mo¨bius invariant if for any f ∈ K and for any Mo¨bius
transformation T such that T (f(S1)) is compact we have e(T ◦ f) = e(f).
Proposition 2.1 Suppose a functional e on K is Mo¨bius invariant and has a gradient Ge in
TfK. Then round circles are critical with respect to e, namely Ge vanishes at round circles.
Proof. Let f0 : S
1 → R2 ⊂ R3 be a unit circle with center the origin and let u ∈ Tf0K. Put
fε = f0 + εu for small |ε|. Let I be an inversion in a unit sphere with center the origin and let
2
R be a reflection in R2 ⊂ R3. Put f˜ε = R ◦ I ◦ fε. We first show
∂
∂ε
f˜ε(t)
∣∣∣∣
ε=0
= − ∂
∂ε
fε(t)
∣∣∣∣
ε=0
(∀t ∈ S1). (2.3)
Let Πt be a plane through the origin and f0(t) which is perpendicular to f
′
0(t). It contains both
fε(t) and f˜ε(t). Let (x(ε), z(ε)) and (x˜(ε), z˜(ε)) be the coordinates of fε(t) and f˜ε(t) in Πt with
respect to the axes given by
−−−→
0f0(t) and the z-axis. Then
(x˜(ε), z˜(ε)) =
(
x(ε)
x(ε)2 + z(ε)2
, − z(ε)
x(ε)2 + z(ε)2
)
,
and therefore, substituting x(0) = 1 and z(0) = 0 we obtain
(
x˜ ′(0), z˜ ′(0)
)
= −(x′(0), z′(0)),
which means (2.3).
As a result, using f˜0 = f0 we have
d
dε
e
(
f˜ε
)∣∣∣∣
ε=0
=
∫
S1
(
∂
∂ε
f˜ε(t)
∣∣∣∣
ε=0
, Ge
(
f˜0
)
(t)
) ∣∣∣f˜0′(t)∣∣∣ dt
=
∫
S1
(
− ∂
∂ε
fε(t)
∣∣∣∣
ε=0
, Ge(f0)(t)
) ∣∣f0′(t)∣∣ dt
=− d
dε
e (fε)
∣∣∣∣
ε=0
.
Since e
(
f˜ε
)
= e (fε) by the Mo¨bius invariance of e, the above implies
d
dε
e (fε)
∣∣∣∣
ε=0
= 0 ,
hence
0 =
d
dε
e(f0 + εu)
∣∣∣∣
ε=0
=
∫
S1
(u(t), Ge(f0)(t))
∣∣f0′(t)∣∣ dt (∀u ∈ Tf0K),
which implies Ge(f0) ≡ 0. ✷
Even if a functional is Mo¨bius invariant , the gradient is not, namely, T∗Ge(f) 6= Ge(T ◦ f).
This is because
(T∗u, T∗v)T◦f 6= (u, v)f
in general. For example, when T is a homothety by a factor k > 0 (T∗u, T∗v)T◦f = k
3(u, v)f .
Let us look for a weighted inner product that is compatible with Mo¨bius transformations
and that is independent of the parametrization of knots. Proposition 2.1 implies that we can
restrict ourselves to the weight functions defined on K ◦×S1, where K ◦ is the set of non-circular
knots. Our weight function Φ should satisfy the following conditions:
(i) Φ is positive on K ◦ × S1, and Φ(f, t) is continuous in t ∈ S1 for each f ∈ K ◦.
(ii) Φ is parametrization independent, i.e., for any diffeomorphism ρ of S1, Φ(f ◦ ρ, t) =
Φ(f, ρ(t)) for any t ∈ S1.
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(iii) The Φ-weighted inner product
〈u, v〉Φ =
∫
S1
(u(t), v(t))Φ(f, t) |f ′(t)| dt (u, v ∈ TfK) (2.4)
is Mo¨bius invariant, i.e.,
〈T∗u, T∗v〉Φ = 〈u, v〉Φ (∀u, v ∈ TfK). (2.5)
Let us recall some basics of Mo¨bius geometry. Let T be a Mo¨bius transformation of R3∪{∞}.
For a point p in R3 put ∣∣T ′(p)∣∣ = |detDT (p)|1/6,
where DT is the Jacobian matrix of T . In particular, if T is a homothety by k > 0 then
|T ′(p)| = √k, and if T is an inversion in a sphere of radius r with center C then∣∣T ′(p)∣∣ = r|C − p| . (2.6)
We have
|T (p)− T (q)|= ∣∣T ′(p)∣∣ ∣∣T ′(q)∣∣ |p− q| (p, q ∈ R3), (2.7)∣∣(T ◦ γ)′(t)∣∣= ∣∣T ′(γ(t))∣∣2 |γ′(t)| (γ : J → R3, J is an interval). (2.8)
Theorem 2.2 (1) Suppose Φ satisfies the conditions (i) above. Then the Φ-weighted inner
product (2.4) is Mo¨bius invariant if and only if Φ satisfies
Φ(T ◦ f, t) = ∣∣T ′(f(t))∣∣−6Φ(f, t) (2.9)
for any f in K, t in S1, and for any Mo¨bius transformation T such that T (f(S1)) is compact.
(2) Let Φ be as above. Suppose a functional e on K is Mo¨bius invariant and has a gradient
Ge in TfK. Put GΦe (f) = (Φ(f))−1Ge(f) for a non-circular knot f in K ◦ and GΦe (f0) = 0 for a
round circle f0. Then for any f in K
d
dε
e(f + εu)
∣∣∣∣
ε=0
=
〈
u,GΦe (f)
〉
Φ
(u ∈ TfK). (2.10)
GΦe (T ◦ f)= T∗
(GΦe (f)) . (2.11)
Namely, GΦe is a Mo¨bius invariant gradient of e with respect to Φ-weighted inner product.
Proof. (1) The formula (2.8) implies
(T∗u(t), T∗v(t)) =
1
2
[
|T∗(u+ v)(t)|2 − |T∗u(t)|2 − |T∗v(t)|2
]
=
1
2
∣∣T ′(f(t))∣∣4 [|(u+ v)(t)|2 − |u(t)|2 − |v(t)|2]
=
∣∣T ′(f(t))∣∣4(u(t), v(t)),∣∣(T ◦ f)′(t)∣∣= |T ′(f(t))|2 |f ′(t)|.
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It follows that
〈T∗u, T∗v〉Φ=
∫
S1
(T∗u(t), T∗v(t)) Φ(T ◦ f, t)
∣∣(T ◦ f)′(t)∣∣ dt
=
∫
S1
(u(t), v(t))
∣∣T ′(f(t))∣∣6Φ(T ◦ f, t) ∣∣f ′(t)∣∣ dt.
Therefore, 〈T∗u, T∗v〉Φ = 〈u, v〉Φ for any u and v in TfK ◦ implies |T ′(f(t))|6Φ(T ◦ f, t) = Φ(f, t)
for all t.
(2) The equality (2.10) follows from (2.2), (2.1), (2.4), and the definition of GΦe .
The equality (2.11) follows from the uniqueness of the gradient as follows. First note that
since a Mo¨bius transformation T is conformal, T∗
(GΦe (f)(t)) is perpendicular to T∗f ′(t), and
hence T∗
(GΦe (f)) ∈ TT◦fK. By Proposition 2.1 we may assume that f and T ◦ f are not round
circles.
Let u ∈ TfK. The equality (2.10) and the Mo¨bius invariance of Φ-weighted inner product
imply
d
dε
e(f + εu)
∣∣∣∣
ε=0
=
〈
u,GΦe (f)
〉
Φ
=
〈
T∗u, T∗(GΦe (f))
〉
Φ
. (2.12)
On the other hand, since e(f + εu) = e(T ◦ (f + εu)) by the Mo¨bius invariance of e and since
∂
∂ε
(T ◦ (f + εu)) (t)
∣∣∣∣
ε=0
= T∗u(t),
d
dε
e(f + εu)
∣∣∣∣
ε=0
=
d
dε
e(T ◦ (f + εu))
∣∣∣∣
ε=0
=
〈
T∗u,GΦe (T ◦ f)
〉
Φ
. (2.13)
As u is arbitrary, (2.12) and (2.13) imply GΦe (T ◦ f) = T∗(GΦe (f)). ✷
Remark 2.3 The equation (2.8) implies that if we put Φ0(f, t) = |f ′(t)|−3 then it satisfies the
condition (2.9), hence
〈u, v〉Φ0 =
∫
S1
(u(t), v(t)
|f ′(t)|2 dt
is Mo¨bius invariant , although Φ0 is not parametrization independent.
Note that (2.9) implies that a functional EΦ1/3 on K ◦ given by
EΦ1/3(f) =
∫
S1
3
√
Φ(f, t) |f ′(t)| dt
is Mo¨bius invariant . From a viewpoint of geometric knot theory, it would be desirable if Φ
can be continuously extended to a non-negative function on K× S1 and the global minimum of
EΦ1/3 is given by round circles. The examples we introduce in the following two sections enjoy
the above property.
5
3 Weight function given by a potential of the Mo¨bius energy
We give examples of Φ that satisfy the conditions (i), (ii) and (iii) in what follows. First example
is the simplest one, and it seems the most appropriate to be applied to the study the energy E.
Definition 3.1 ([15]) Define the regularized r−2-potential of a knot f ∈ K at a point f(s) by
V (f, s) = lim
ε↓0
(∫
df (s,t)≥ε
|f ′(t)| dt
|f(t)− f(s)|2 −
2
ε
)
, (3.1)
where df (s, t) is the arc-length between f(s) and f(t) along the knot f(S
1).
Obviously it is parametrization independent, i.e., V (f ◦ ρ, s) = V (f, ρ(s)) for any diffeomor-
phism ρ of S1.
We introduce so-called “wasted length argument” by Doyle and Schramm reported in [12]
(with a tiny modification), which is an epochal observation in the Mo¨bius geometric study of
knots. Let I be an inversion in a unit sphere with center f(s). Let f˜s = I ◦ f be an inverted
open knot. Then (2.8) implies that the integrand of V (f, s),
|f ′(t)| dt
|f(t)− f(s)|2
is a length element of the inverted open knot. This observation implies
V (f, s) = lim
s1→s−, s2→s+
(
d
f˜s
(s1, s2)−
∣∣∣f˜s(s1)− f˜s(s2)∣∣∣) ,
where f(s1) and f(s2) approach f(s) from opposite sides. In fact, when df (s, s1) = df (s, s2) = ε
the above equality follows from the fact that
∣∣f˜s(s1)− f˜s(s2)∣∣ = 2/ε+O(ε). Remark df˜s(s1, s2) is
the arc-length of f˜s(S
1\(s1, s2)). Thus V (f, s) can be interpreted as the difference of the lengths
of the open knot inverted at f(s) and the asymptotic line. Therefore, V (f, s) is non-negative
and is equal to 0 if and only if the image of f˜s is a line, which happens if and only if f(S
1) is a
round circle.
This argument yields the cosine formula of V ;
V (f, s) =
∫
S1
1− cos θf (s, t)
|f(s)− f(t)|2 |f
′(t)| dt, (3.2)
where θf (s, t) (0 ≤ θf ≤ π) is the angle between two circles, both through f(s) and f(t), one is
tangent to the knot at f(s) ad the other at f(t). We call θf the conformal angle. Since θf is
defined by using only circles, tangency and angle, it is Mo¨bius invariant .
The conformal angle θf is of the order of |s− t|2 near the diagonal set ∆ = {(t, t) : t ∈ S1}
([13]). Therefore, the integrand of (3.2) can be extended to a continuous function on S1 × S1,
which implies that V (f, s) is continuous in s.
Summarizing it up;
Proposition 3.2 The potential V (f, s) is continuous in s, and V (f, s) ≥ 0 for any f in K and
for any s in S1, where the equality holds if and only if f(S1) is a round circle.
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The energy E ([15]) is given by
E(f) =
∫
S1
V (f, s) |f ′(s)| ds = lim
ε↓0
(∫∫
S1×S1,df (s,t)≥ε
|f ′(s)| |f ′(t)| dsdt
|f(t)− f(s)|2 −
2L(f(S1))
ε
)
, (3.3)
where L(f(S1)) is the length of the knot. Then
E(f) + 4 =
∫∫
S1×S1
(
1
|f(t)− f(s)|2 −
1
df (s, t)2
)
|f ′(s)| |f ′(t)| dsdt (3.4)
([14] and [7]). The right hand side is called the Mo¨bius energy of a knot f .
Lemma 3.3 Let T be a Mo¨bius transformation such that T (f(S1)) is compact. Then we have
VT◦f (s) =
∣∣T ′(f(s))∣∣−2 V (f, s). (3.5)
The lemma follows directly from (3.2) since (2.7), (2.8) and the Mo¨bius invariance of the
conformal angle implies
1− cos θT◦f (s, t)
|(T ◦ f)(s)− (T ◦ f)(t)|2
∣∣(T ◦ f)′(t)∣∣ = 1− cos θf (s, t)|T ′(f(s))|2 |f(s)− f(t)|2 |f ′(t)|.
We introduce an alternative proof using analytic continuation based on the idea of Brylinski
[5]. The lemma can also be proved using Hadamard regularization (3.1), but the computation
becomes much complicated.
Proof. Define the local Brylinski’s beta function by
B locf, s(z) =
∫
S1
|f(t)− f(s)|z |f ′(t)| dt (z ∈ C).
It is well-defined if ℜe z > −1 and is a holomorphic function of z there. We can extend the
domain by analytic continuation to the whole complex plane to obtain a meromorphic function
only with (possible) simple poles at negative odd integers, z = −1,−3, . . . . Then the regularized
r−2-potential satisfies V (f, s) = B locf, s(−2) ([5]). Then by (2.7) and (2.8),
B locT◦f, s(z) =
∫
S1
|T (f(t))− T (f(s))|z ∣∣(T ◦ f)′(t)∣∣ dt
=
∫
S1
( ∣∣T ′(f(t))∣∣ ∣∣T ′(f(s))∣∣ |f(t)− f(s)| )z ∣∣T ′(f(t))∣∣2 ∣∣f ′(t)∣∣ dt
=
∣∣T ′(f(s))∣∣z ∫
S1
∣∣T ′(f(t))∣∣z+2 |f(t)− f(s)|z ∣∣f ′(t)∣∣ dt.
Substituting z = −2 we obtain
VT◦f (s) = B
loc
T◦f, s(−2) =
∣∣T ′(f(s))∣∣−2B locT◦f, s(−2) = ∣∣T ′(f(s))∣∣−2 V (f, s).
✷
Corollary 3.4 The cube of the regularized r−2-potential, V 3, satisfies the conditions (i), (ii)
and (iii). Therefore,
〈u, v〉V 3 =
∫
S1
(u(t), v(t))V (f, t)3 |f ′(t)| dt
is a parametrization independent and Mo¨bius invariant inner product, and if e is a Mo¨bius
invariant functional on K with a gradient Ge then GV 3e (f) = (V (f))−3Ge(f) (f ∈ K ◦) is a
parametrization independent and Mo¨bius invariant gradient with respect to 〈 · , · 〉V 3 .
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4 Generalization
Note that (3.2) induces the cosine formula of the energy E by Doyle and Schramm;
E(f) =
∫∫
S1×S1
1− cos θf (s, t)
|f(s)− f(t)|2 |f
′(s)| |f ′(t)| dsdt, (4.1)
where θf is the conformal angle. Since
|f ′(s)| |f ′(t)|
|f(s)− f(t)|2 (4.2)
is Mo¨bius invariant by (2.7) and (2.8), so is the integrand of (4.1).
The construction of Φ by the potential V can be generalized as follows.
Theorem 4.1 Let ψ be a function from K× ((S1 × S1) \∆) to R, where ∆ is the diagonal set
∆ = {(t, t) : t ∈ S1}. Suppose ψ(f, s, · ) |f ′( · )| is integrable on S1 for any f ∈ K and for any
s ∈ S1. Put
Ψ(f, s) =
∫
S1
ψ(f, s, t) |f ′(t)| dt.
Suppose Ψ is positive on K ◦ × S1 and Ψ(f, s) is continuous in s for any f ∈ K.
Then, if the 2-form ψ(f, s, t) |f ′(s)| |f ′(t)| dsdt on S1 × S1 \∆ is Mo¨bius invariant , i.e.
ψ(T ◦ f, s, t) |(T ◦ f)′(s)| |(T ◦ f)′(t)| = ψ(f, s, t) |f ′(s)| |f ′(t)| (4.3)
for any Mo¨bius transformation T such that T (f(S1)) is compact, then (Ψ)3 satisfies the condition
for Φ in Theorem 2.2 (1).
Proof. By (2.8), (4.3) implies
Ψ(T ◦ f, s) ∣∣T ′(f(s))∣∣2 = Ψ(f, s).
✷
In the above scheme, the weight function studied in the previous section is given by
ψ(f, s, t) =
1− cos θf
|f(s)− f(t)|2 .
Since (4.2) is Mo¨bius invariant , if µ(θ) is a continuous function on [0, π] that is positive on
(0, π) and is of the order of θ (to be precise, O(θ1/2+ε) for some ε > 0 is enough) near θ = 0,
then
ψ(f, s, t) =
µ(θf (s, t))
|f(s)− f(t)|2 (4.4)
satisfies the condition in Theorem 4.1. Furthermore, Ψ is parametrization independent.
Let us give examples of µ(θ) which hve been studied in geometric knot theory to produce
knot energies by
Eµ(f) =
∫∫
S1×S1
µ(θf (s, t))
|f ′(s)| |f ′(t)|
|f(s)− f(t)|2 dsdt
(cf. [12], Section 2).
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(1) As we have seen, the energy E (3.3) is given by µ(θ) = 1− cos θ.
(2) The absolute sine energy (Section 4 of [12]) or the absolute imaginary cross-ratio energy
(Section 5 of [13]) is given by µ(θ) = sin θ. Remark our convention 0 ≤ θf ≤ π implies
sin θf ≥ 0.
(3) The measure of acyclicity (Section 6 of [13]) is given by µ(θ) = (π/4)(θ − θ sin θ) (Propo-
sition 6.13 of [13]).
Note that ψ of the form (4.4) depends only on the first-order information of the knot f .
Conversely, if a Mo¨bius invariant function ψ(f, s, t) depends only on the first-order information
of the knot f , then ψ should be expressed in terms of (4.2) and the conformal angle θf by the
argument on page 234 of [13] as follows. The 2-form |f(s)− f(t)|−2 |f ′(s)| |f ′(t)| dsdt and θf are
the absolute value and the argument of the infinitesimal cross ratio of the knot ([13]), which is
the cross ratio of the four points f(s), f(s + ds), f(t) and f(t + dt), where the four points are
considered as complex numbers through a stereographic projection from a sphere through these
four points to a plane, which is identified with C. Now the above assertion follows from the fact
that the conjugacy class of the cross ratio is essentially the only Mo¨bius invariant of the set of
(ordered) four points in R3.
5 Remarks and open problems
We like to close the article with remarks and open problems.
(1) The gradient of the energy E, GE , was given in [7]. We can show GE(T ◦f) = T∗(GE(f)),
where GE(f) = (V (f))−3GE(f), using Hadamard regularization, but the computation is very
complicated.
(2) The argument for the case when Φ = V 3 can be generalized to the space of embedded
odd dimensional closed submanifolds in RN since the potential and the energy have natural
generalization. The difficulty in even dimensional case is explained in Subsection 3.3 of [17].
Unfortunately, for the moment the author does not know whether an analogue of Proposition
3.2, i.e. the positivity of the potential for non-spherical submanifolds holds or not.
(3) If we forget about the positivity condition for Φ, we can use a “local” function as Φ as
follows. There is a notion of conformal arc-length ρ given by
dρ =
4
√
κ′2 + κ2τ2 ds,
where s is the (usual) arc-length parameter of the knot f(S1), κ and τ are the curvature and
torsion, and κ′ is the derivative with respect to the arc-length, κ′ = dκ/ds ([6]). Since the
conformal arc-length ρ is invariant under Mo¨bius transformations, if we denote the arc-length
parameter of T (f(S1)) by s˜, then (2.8) implies
ds˜
dρ
=
∣∣T ′(f(t))∣∣2 ds
dρ
.
Therefore, if we put
Φc(f, t) =
(
dρ
ds
)3
=
(( dκ
ds
)2
+ κ2τ2
)3/4
(s is the arc-length),
9
then Φc satisfies the condition (2.9). But Φc is not necessarily positive; it vanishes on a circular
or linear arc of a knot.
(4) Similarly, among the Mo¨bius invariant functionals for knots introduced in Section 1, the
writhe and the renormalized measure of circles linking a knot ([16]) do not fit our scheme since
the writhe vanishes for planar curves and the latter may be negative.
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